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The spin resonance of electrons can be coupled to a microwave cavity mode to obtain a photon-
magnon hybrid system. These quantum systems are widely studied for both fundamental physics
and technological quantum applications. In this article, the behavior of a large number of ferrimag-
netic spheres coupled to a single cavity is put under test. We use second-quantization modeling
of harmonic oscillators to theoretically describe our experimental setup and understand the influ-
ence of several parameters. The magnon-polariton dispersion relation is used to characterize the
system, with a particular focus on the vacuum Rabi mode splitting due to multiple spheres. We
combine the results obtained with simple hybrid systems to analyze the behavior of a more complex
one, and show that it can be devised in such a way to minimize the degrees of freedom needed to
completely describe it. By studying single-sphere coupling two possible size-effects related to the
sample diameter have been identified, while multiple-spheres configurations reveal how to upscale
the system. This characterization is useful for the implementation of an axion-to-electromagnetic
field transducer in a ferromagnetic haloscope for dark matter searches. Our dedicated setup, con-
sisting in ten 2 mm-diameter YIG spheres coupled to a copper microwave cavity, is used for this aim
and studied at mK temperatures. Moreover, we show that novel applications of optimally-controlled
hybrid systems can be foreseen for setups embedding a large number of samples.
I. INTRODUCTION
In the fruitful and renowned field of light-matter
interaction1, the study of hybrid quantum systems based
on magnonics gave outstanding results2,3. Magnons,
quanta of spin excitations, can coherently couple to pho-
tons through a magnetic dipole interaction4,5. The elec-
tron spin resonance of a magnetic material can thus be
coupled to the rf magnetic field of a microwave cavity
mode, to form a photon-magnon hybrid system (HS)6–9
at GHz frequencies. This kind of HSs are employed
in fields including, but not limited to, the develop-
ment of quantum computers10, quantum networks11,12,
and quantum sensing13. In these areas, the coherent
coupling of spin ensembles, microwave cavities6–9,14–16
and superconducting quantum circuits17–19 is used to
create quantum memories20,21, to convert optical pho-
tons to microwaves22 and vice versa23–25, and to de-
tect single quanta of magnetization26. In spintronics,
magnons27 are suitable carriers of spin information, and
have several advantages over electrical currents used in
modern electronics. Furthermore, the investigation of
non-Hermitian quantum mechanics28 is currently pur-
sued with HSs. Exceptional points are the signature
of non-Hermitian physics29,30, and their observation was
recently proposed31, and experimentally verified32 in
photon-magnon HSs. These results were followed by the
demonstration of exceptional surfaces33, and the measure
of a third order exceptional point has been proposed in
systems of multiple ferrimagnetic spheres34. Besides the
study of non-Hermitian quantum mechanics, different ap-
plications can be envisioned for these points, for example
as sensitive probes of magnetic fields35. These and many
other studies36–40 maintain that photon-magnon HSs are
an outstanding testbed for the study of many physical
phenomena.
The study of HSs comprising a large amount of
magnetic samples has been explored to create gradient
memories9, or to detect faint pseudo-magnetic fields41.
In precision physics, rf spin-magnetometers based on HSs
are used as axion haloscopes under the name of ferro-
magnetic haloscopes41,42 (FH). In these devices, a large
number of spins increases the sensitivity to magnetic os-
cillations induced by dark matter axions. As the axion
couples to magnons43 in a FH the HS acts as an axionic-
to-electromagnetic field transducer.
This work reports on the coherent coupling of ten
2.1 mm-diameter ferrimagnetic spheres to a cylindrical
copper cavity, with the aim of implementing the result-
ing HS in a FH. Our results, however, go beyond this
sole purpose, and investigate the dynamics of such large
and complex systems, which are promising for multiple
usages9,39,44–47. In our setup, the strong coupling regime
is largely reached already with a single sphere, thus we
can study the scaling without qualitatively changing the
behavior of the HS. We singularly tested spheres with
diameters ranging from 0.5 mm to 2.5 mm and observed
two different size-effects, affecting the g-factor and the
sphere’s zero-field splitting. By choosing a diameter of
2.1 mm, we focus on the coherent coupling of multiple
spheres. The influence of the dimension and relative dis-
tance of the samples are consistently accounted for in a
model which precisely reproduces the experimental data.
Our study thus demonstrates that it is feasible to scale
up a HS while preserving its optimal control.
In Sec. II we detail the model used to describe the ex-
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2periment. Sec. III illustrates the setup, and is further di-
vided into two parts: the first (III A) explains the room
temperature tests used to understand the behavior of sin-
gle spheres, while the second (III B) reports on the cou-
pling of many multiple spheres to the cavity, and on the
room temperature and ultra cryogenic tests of the result-
ing HS. The last part of the paper, Sec. IV, is dedicated
to the possible improvements of the setup, in terms of
increasing the quantity of material coupled to the cavity,
and to a summary of the obtained results.
II. SECOND-QUANTIZATION MODEL
This section deals with the model used to study the
HS dynamics, which essentially consists in a system of
coupled harmonic oscillators in the second-quantization
formalism48,49 that efficiently describes the number of
(quasi-)particle in a state by using creation and annihi-
lation operators to add or remove a quanta. Similar ap-
proaches have been used to study the interaction of mul-
tiple qubits in a cavity50, and test the Tavis-Cummings
model51 for a low number of two-level systems. Since
we are interested in describing resonant quanta, raising
and lowering operators share the same algebra of a col-
lection of interacting quantum harmonic oscillators. Let
us consider N photon modes X = {x1, x2, . . . , xN}, and
M magnon modes Y = {y1, y2, . . . , yM}, and label with
ω and g their frequencies and couplings, respectively. Ev-
ery mode X can couple to any of the modes Y , so the
Hamiltonian of the system in the rotating wave approxi-
mation reads
H =~
∑
x∈X
ωx x
†x+ ~
∑
y∈Y
ωyy
†y
+
∑
x∈X
∑
y∈Y
gxy(x
†y + y†x)
+
∑
i 6=j
gyiyj (y
†
i yj + y
†
jyi),
(1)
where ~ is the reduced Planck constant, and x†, y† (x,
y) are the creation (annihilation) operators of the corre-
sponding mode quanta. Our interest lies in the evolution
of the mean values of x and y operators that can be cal-
culated by Heisenberg-Langevin equations. The effects of
dissipations in a resonant system due to its coupling with
a thermal reservoir can be easily taken into account by
adding an imaginary part to the mode frequencies which
correspond to their linewidths γs. Thus the equations of
motion for the HS evolution can be recast as a first or-
der system of differential equations (see Appendix A for
the complete derivation), and its solution can be readily
found in Fourier space. The associated HS matrix reads
H =

ωx1 − iγx1/2 0 . . . 0
0 ωx2 − iγx2/2 . . . 0
...
...
. . .
...
0 0 . . . ωx
N
− iγx
N
/2
gx1y1 gx1y2 . . . gx1yM
gx2y1 gx2y2 . . . gx2yM
...
...
. . .
...
gx
N
y1 gxN y2 . . . gxN yM
gx1y1 gx2y1 . . . gxN y1
gx1y2 gx2y2 . . . gxN y2
...
...
. . .
...
gx1yM gx2yM . . . gxN yM
ωy1 − iγy1/2 gy2y1/2 . . . gy1yM /2
gy1y2/2 ωy2 − iγy2/2 . . . gy2yM /2
...
...
. . .
...
gy1yM /2 gy2yM /2 . . . ωyM − iγyM /2

. (2)
The top-left block stands for the cavity modes, which are
considered uncoupled to each other, as typically their
resonant frequency difference is much larger than their
linewidths. The lower-right block shows the material
magnetic modes, which may auto-interact mainly thanks
to the dipole coupling between different spheres (see Sec-
tion III). The off-diagonal blocks are the couplings be-
tween the cavity and magnetic modes. The matrix in
Eq. (2) completely describes the system dynamics, and
can be used to calculate the dispersion relation of the
magnon-polariton.
In our study we variate the static magnetic field B0 to
understand how it affects the transmission function of the
HS. The spin precession frequency of a free electron in a
magnetic field is ω0(B0) = γB0, with γ = (2pi)28 GHz/T.
This basic element can be used in the theoretical model
to account for a variation of the magnetostatic mode fre-
quencies ωY . In particular, we write the frequencies of
the Y modes as
ωY (B0) = ω0 + γbY = γB, (3)
where the zero field splitting γbY is a constant depend-
ing on the magnetostatic mode under consideration, and
B = B0 + bY . In Eq. (2) we choose a linear dependence
3between ω0 and the applied static field, but it is straight-
forward to include non-linear magnetic field dependen-
cies if any are present. The poles of the cavity magnon-
polariton dispersion relation can be found by solving the
characteristic equation det(K(ω, ω0)) = 0, where
K(ω, ω0) = ωIN+M −H(ω0), (4)
and IN+M is the identity matrix of dimension N + M .
Here ω can be seen as the frequency of a monochromatic
probe signal. Experimental spectra are collected through
two antennas coupled to the resonant cavity. In princi-
ple, we should consider the transmission of all the cavity
modes (see Appendix A), but, as the model does not ac-
count for the antenna coupling strength, we can restrict
to one mode and neglect other transmission channels. To
calculate the transmission spectra of the HS, we can con-
sider the monochromatic system excitation coupled to
the first cavity mode x1
sx1(ω, ω0) =
γx1ω
2
2
|(K−1(ω, ω0) · eˆ1)1|2, (5)
where eˆ1 is the unit vector of x1. Note that the param-
eters of H can be determined experimentally by fitting
the transmission spectra to Eq. (5).
In the following, to indicate a particular HS configu-
ration we will write the Hamiltonian of the system, and
take for granted that to get the dispersion relation one
follows Eq. (4) and (5).
To reduce the complexity of the HS, and understand
how the different couplings affect its dynamics, we re-
duce the number of considered modes to four: two cavity
modes c and d, and two magnetic modes m and n. The
mode c ≡ x1 corresponds to the one coupled to the an-
tennas, and m ≡ y1 is the Kittel mode with frequency
ωm. The resulting Hamiltonian is
H4 =

ωc − i2γc 0 gcm gcn
0 ωd − i2γd gdm gdn
gcm gdm ωm − i2γm gmn
gcn gdn gmn ωn − i2γn
 .
(6)
The resonant frequency of the cavity modes are set to
ωc = (2pi)10.65 GHz and ωd = (2pi)10.85 GHz, and the
linewidths to γc = γd = (2pi)1 MHz, while the linewidths
of the magnon modes γm = γn = (2pi)2 MHz. The effects
of the different terms are studied by first setting to zero
all the couplings but gcm, set to (2pi)90 MHz to be close to
the value measured with a single 2.1 mm diameter sphere.
Then, the other couplings are selectively turned on one by
one, and the resulting dispersion relations are compared
in Fig. 1.
Plot 1(a) is a usual anticrossing curve, where the cou-
pling 2gcm is the frequency splitting of the two HS modes
when ω = ωm. This HS is the starting point for all the
following considerations.
The interaction of the Kittel magnetic mode m with
two cavity modes c, d is considered in Fig. 1(b), where we
(a) (b)
(c) (d)
c-m c-m-d
n-c-m c-m-n
FIG. 1: Plots of the transmission spectra sx1(ω, ω0) illustrat-
ing the dispersion relations of the magnon-polariton systems.
The color scale is in logarithmic arbitrary units, where blue
corresponds to low and light green to high transmission. The
dash between the labels of two modes indicates that the two
are coupled. Upper plots: normal anticrossing curve (a), and
coupling of the Kittel mode with the two cavity modes c and
d (b). Lower plots: (c) c-mode coupled to two magnetostatic
modes m and n, with bn 6= 0; (d) c-mode coupled to m, cou-
pled to n, with bn = 0 and gmn = 25 MHz. One can obtain
the same plot with gmn = 0 and bn ∼ 0. See text for further
details.
set equal couplings gcm = gdm, producing a combination
of two anticrossing curves. The second cavity mode d,
at the frequency ωd = (2pi)10.9 GHz, is not coupled to
the antennas, as is shown by Eq. (5). For this reason no
transmission happens at ωd if not mediated by the m
mode.
Fig. 1(c) shows a single cavity mode c coupled to two
independent magnetostatic modes, m and n. The fre-
quency of the mode n is obtained by shifting ωm of
γbn = (2pi)0.4 GHz [see Eq. (3)], corresponding to a field
bias of about 15 mT. This offset field may describe higher
order modes52,53 or two spheres coupled to the same
mode but through slightly different fields, B0 and B0+bn.
In fact, as we shall see in the following Section, a size
effect related to the diameter of the spheres54–58 is the
presence of a bias field. The coupling of this mode to the
cavity mode is arbitrarily set to gcn = (2pi)25 MHz to
roughly resemble the coupling to higher order modes53.
The dispersion relation (d) of Fig. 1 is obtained by
adding a magnon-magnon coupling gmn = (2pi)25 MHz
between the magnetostatic mode n and the Kittel mode
m, while keeping n uncoupled from the cavity mode c. A
third hybrid mode appears, its resonance frequency lies
between the two ones of the c-m system, and dispersively
shifts them. It is interesting to note that a similar result
can be obtained by using a small detuning bn in the pre-
vious n-c-m configuration but with no gmn coupling and
4sample
E-field
high
low
c d
FIG. 2: Section of the cavity body geometrical shape, and
profile of the c and d modes. The sample lies on a maximum
of the rf magnetic field for both modes.
such that γm  γbn < 2
√
g2cm + g
2
cn. This means that
an identical dispersion relation results from hybridizing,
under the same static field, a cavity and two spheres with
a different zero field splitting. The central mode is usu-
ally referred to as dark mode, which was studied e. g. for
qubits50 and for magnons9,59. The fact that the effect of
a magnon-magnon coupling results similar to the one of
a n-c-m system with a small bias bn is further discussed
and experimentally explored in Sec. III B.
When M magnon modes are degenerate (i. e. have the
same resonant frequency) they couple with a cavity mode
as a single oscillator, and the vacuum Rabi splitting, the
frequency difference of the two hybrid modes, scales as
the root of the sum of the squared couplings. In this case
the two-modes system c-m holds. Ideally, the addition
of more spheres gives the same result, and the splitting
scales as the square root of the total number of spins.
However, a large increment of the number of spheres in
a single cavity forces us to face the dynamics outlined
in Fig. 1. These effects can be combined to obtain more
convoluted dispersion relations, which can be explained
thanks to the understanding of their basic elements pro-
vided by this Section.
III. EXPERIMENTAL RESULTS
The photonic resonators of our setup are copper cavi-
ties with a cylindrical body and cone-shaped end caps61.
The TM110 mode of a perfectly cylindrical cavity is de-
generate for rotations about its axis, complicating the
coupling to the sample. To lift the degeneracy, the sym-
metry of the cavity body is broken by two flat walls
which reduce its diameter, as shown in Fig. 2. As a conse-
quence, the two polarizations have frequencies which dif-
fers about 200 MHz, and we identify the two correspond-
ing modes with the c and d appearing in Eq. (6). The
magnetic material is Yttrium Iron Garnet (Y3O5Fe12), a
ferrimagnetic insulator62–65 widely known due to its ap-
plications in microwave electronics66, mainly related to
its narrow linewidth67–69. The values of resonance fre-
quencies, linewidths and couplings used in the previous
Section were chosen to resemble the measured ones of
copper cavities and of YIG.
We tested several spheres of different diameter to infer
the maximum size that can be used and characterized
without taking into account perturbative effects. Except
for 0.5 mm and 1 mm-diameter spheres, the others were
manufactured on site from a large YIG single crystal.
After cutting the crystal into small cubes, spheres are
obtained by grinding them with the procedure described
in Appendix B. In the measurement setup, a fused silica
pipe and PTFE cups hold the spheres in a position close
to the cavity center and let them rotate freely, guarantee-
ing alignment of their easy axis to the external magnetic
field. Such condition is necessary in order to coherently
maximize the coupling strength as prescribed in [41]. In
the following tests this condition is always fulfilled, and
in Sections III A and III B it is analyzed and understood.
The magnetic field is provided by a superconducting
magnet, and care is taken to place the mounted spheres at
its center: within a cylindrical region of 0.5 cm diameter
and 7 cm height the homogeneity of the field is better
than 7 ppm, guaranteeing no inhomogeneous broadening
of the electron spin resonance. Experimentally, B0 is the
magnetic field value such that γB0 = ωc. The linearity
and absence of offsets for the relation between the power
supply current and the magnetic field has been verified
using a paramagnetic BDPA sample, whose g-factor is
remarkably close to the one of the free electron. Further
details on the experimental apparatus can be found in
Appendix C.
The aim of this analysis is to build an optimally-
controlled HS which embeds the largest possible quantity
of magnetic material. The measurements in Sec. III A
and in the first part of Sec. III B are obtained at room
temperature, while the test of the haloscope transducer
was performed at T = 90 mK. At this temperature, quan-
tum effects prevail over thermal ones, as kBT < ~ω,
where kB is the Boltzman constant.
A. Single sphere coupling
In the first study, single spheres of diameters rang-
ing from 0.5 mm to 2.5 mm have been mounted in two
different cavities. The TM110 mode frequency is 14.09
GHz for the first cavity and 10.65 GHz for the second,
with wavelengths of the rf radiation of 21 mm and 28 mm,
respectively. Such values allow us to test the system
in a regime where the diameter-to-wavelength ratio is
larger than 1/10, and dimensional effects should come
into play54.
Fig. 3 shows some results in the form of anticrossing
curves. We have verified that the hybridization scales
as the square root of sample volume, confirming that all
the spins are behaving coherently, in agreement with the
Tavis-Cummings model. The same behavior is expected
when the number of spheres is increased. One can note
5(a) 0.5 mm (b) 1.5 mm
(c) 2.5 mm (d) 2.5 mm
FIG. 3: Anticrossing curve of spheres with different diameter.
(a) and (b) show the dispersion relation of single spheres of
different diameters coupled to the same cavity mode, the cou-
pling strength is obtained by the fit (dashed lines), and scales
as expected. (c) and (d) are the anticrossings of the same
sphere coupled to the TM110 mode of two different cavities,
and the dashed line is the lower frequency hybrid mode. In
plot (d) one can see a discrepancy between the theory and
the result, possibly due to the fact that the sphere diameter
is larger than one tenth of the microwave field wavelength.
that the dispersion relation of Fig. 3(c) closely resembles
the one of Fig. 1(b), as the coupling strength between
the 2.5 mm sphere and the 14 GHz mode of the cavity is
large enough to involve both the c and d polarizations
of this TM110 mode. As expected from the symmetry
of the system, the coupling strengths gcm and gdm are
about the same. In Fig. 1(b) the coupling to the d mode
is much weaker because of the characteristic of the an-
tennas, discussed in Section II.
A first dimensional effect is observed when the largest
diameter YIG sphere is coupled to the higher frequency
cavity, i.e. the one with smaller wavelength. It consists
in an apparent variation of the g-factor, as was first ev-
idenced in [55] for various ferrites. The 2.5 mm sphere’s
electrons, placed in the 14 GHz cavity, exhibit a gyromag-
netic ratio of 26 GHz/T and not of 28 GHz/T, as reported
in Fig. 3(d), which corresponds to an apparent g-factor of
1.86. The effect is not present if the same sphere is cou-
pled to the lower frequency cavity, as shown in Fig. 3(c).
The variation of the g-factor was observed only when the
sample size exceeds one tenth of the radiation field wave-
length, in agreement with theoretical suggestions54.
A second size effect has also been evidenced in our mea-
surements, and it relates the dimension of the ferrite to
its resonant frequency. Such an effect was first observed
in the fifties55 and described ten years later55,57,58, and
states that larger spheres need higher B fields to reach
the same resonance frequency. In perfectly spherical sam-
ples, the related theory55,57,58 introduces a diameter de-
FIG. 4: Relation between the sphere’s diameter and the full
hybridization field B. The positive offset follows from the
zero-field splitting of the YIG.
pendent offset frequency
γbm(φ) = γ(B0 −B) = −2pi
2(γM0)
45λ2m
(5 + r)φ
2, (7)
where M0 ' 178 mT and r are the YIG saturation
magnetization and relative dielectric constant, λm is the
wavelength associated to the Larmor frequency ωm, and
φ is the sphere’s diameter. Fig. 4 shows the measured
values for our set of spheres, together with a linear fit
of the data. Using Eq. (7), the magnetic field offset for
null sphere diameter is found to be 14±9 mT, compatible
with the zero-field splitting of YIG70, and the resulting
slope is 6.2 mT/mm
2
. From this slope we can extract
a value of r ' 30, which differs by a factor about 2
from the one found in the literature r ' 1571,72. It is
true that other measurements of the YIG permittivity
yielded values higher73 or lower74 than 15, however this
discrepancy could be explained by some other diameter-
dependent size-effect, for which indications may already
be present in the X-band measurements of a previous
work55. Furthermore, as we do not have a precise con-
trol over the sample shape, it is not possible to exclude
that our spheres are affected by a size-dependent ellip-
ticity, thus reducing the goodness of Eq. (7).
To conclude this Section, whilst the second size-effect
is not expected to influence the magnon-to-photon trans-
duction, it is not clear whether the variation of the gyro-
magnetic ratio does. In the forthcoming measurements,
to avoid this issue, we conservatively choose to engineer
our HS-based transducer employing spheres almost with
the same diameter, namely φ ' 2.1 mm.
B. Multiple spheres acting as one
To move forward in the realization of the transducer,
one needs to grasp the coupling of two spheres before
scaling up the system to an arbitrarily large number of
samples. We focus on understanding the system disper-
sion relation in the light of the interactions shown in
6B=0
B=0.5 T
B=0.5 T
B=0.5 T
(a)
(d)
(c)
(b)
YIG
65
 d
B
FIG. 5: Coherent coupling of two spheres, and effect of their
relative distance. On the left side of the plots four schematic
drawings show the YIGs (black sphere) position inside the
pipe (blue). The pipe is placed on the cavity axis, parallel to
the static magnetic field. Plots (a) and (b) show the single
sphere configuration without and with magnetic field, that
produces the hybrid modes indicated by the small vertical
arrows. In (c) one sphere is placed close to the first one, with
the effect of increasing the coupling, i.e. the hybrid mode
separation, but also of generating a number of dark modes
in the intermediate frequency interval. It is evident from (d)
that the strength of such modes is reduced by tens of dB
thanks to the distance between the two YIGs, in agreement
with what is expected from the model.
Fig. 1, to maintain the optimal control of the HS, and
demonstrate its applicability as an axion to electromag-
netic transducer.
First of all, as it is clear from Fig. 4, two spheres with
different diameters will exhibit different Larmor frequen-
cies even when subjected to the same magnetic field. An
HS with two such spheres would have a dispersion re-
lation as the one described in Fig. 1(d), i.e. equivalent
to the situation of two samples with different zero field
splitting and with the presence of a dark mode. It follows
that, to preserve the control of the HS and the coherent
coupling of a large number of spheres, the samples’ di-
ameter should be as akin as possible.
Secondly, the chance of a magnon bouncing through
magnetic modes before being converted to photons has
to be minimum, otherwise it will result in a non-negligible
signal loss. Magnons in different samples are assumed to
interact with each other through a dipole-like potential,
hence we studied the sphere-sphere interaction by varying
the distance between two YIGs as shown in Fig. 5.
The spheres are placed along the cavity axis in both rf
and dc uniform magnetic fields. Being the dc field aligned
with the cavity axis, when this is turned on all the spheres
will have their easy axis along the same line, i.e. the
cavity axis again. Along this direction, the transmission
spectra are independent of the sphere position provided
that this is kept in a central range of about 5 cm length.
In our measurements, we will not care about the ab-
solute positions of the spheres, albeit in their relative
separation, which, as we will see, is strongly influenc-
ing the results. Following the plots of Fig. 5, in (a) and
(b) we obtain the usual hybridization by turning on the
static field. Then, in (c), a third sphere is introduced
in the system with less than 0.5 mm of spacing from the
first one: the vacuum Rabi splitting increases and extra
peaks appear between the two hybrid modes. By increas-
ing the separation between the spheres to 4 mm ∼ 2φ, we
obtain the plot (d) showing a reduced amplitude of the
peaks which are not hybrid modes and a slightly smaller
Rabi splitting, now closer to ∼ √2 times the single sphere
case. Relying on the model, described essentially by Fig-
ure 1(d), the plots 5(c) and (d) are evidencing the effects
of a magnon-magnon coupling for close spheres: an in-
crease of the splitting due to dispersive shifts of the hy-
brid resonances and a high transmission through the dark
modes. These observations bolster the assumption that
the sphere-sphere coupling is dipole-like, as it depends on
their distance and, specifically, it is much weakened when
the samples are separated by more than their diameter.
The scaling of the system to a larger number of spheres,
necessary to realize a more sensitive ferromagnetic halo-
scope, is straightforward once the behavior of the two-
YIGs HS is understood. The conditions considered to
engineer such an enhanced HS are summarized as fol-
lows: (i) the single sphere diameter is smaller than 1/10
of λm; (ii) the spheres are free to rotate and align with the
external field; (iii) each bare sphere is far in the strong
coupling regime with the cavity mode, and is positioned
on the cavity axis; (iv) all the spheres must have the same
diameter; (v) the relative distance between the spheres
should be about 2φ. Following these constraints we filled
the volume having uniform magnetic fields, rf of the cav-
ity and dc of the magnet, with ten 2.1 mm diameter YIG
spheres. Each one placed along a cylindrical fused silica
pipe and separated by thin PTFE caps (see Fig. 7 for a
sketch and a picture of the system).
We now note that the experimental errors of the mea-
surements are mostly systematic, and possibly due to
variations of the samples positioning in the different tests.
As a consequence, the uncertainties in determining the
eigenfrequencies of the HS are not related to the fre-
quency resolution, and we estimate them by confronting
repeated measurements of the same HS configuration,
which are found to be consistent within an 8% error.
The dispersion relations of Fig. 6, comparing the the-
ory to the experiment, demonstrate that the resulting
HS can be completely described by means of our model
based on the Hamiltonian H4 in Eq. (6). The theoreti-
cal spectrum is calculated considering only an external
coupling to the cavity mode c at 10.65 GHz (see Section
II). The experimental spectrum in Fig. 6 (right) was col-
lected with the use of a movable antenna allowing for a
good coupling with mode c, and, for symmetry reasons,
a much weaker one with mode d. Our model yields a
sound agreement with the measurements for what con-
cerns mode frequencies and their relative transmission
amplitude. For example, the measured transmission of
7FIG. 6: Ten spheres HS: simulated (left, where blue-to-light green corresponds to low-to-high transmission) and measured
(right, bright colors correspond to higher transmission) anticrossing dispersion relation, obtained with the model based on H4
and a room temperature transmission measurement, respectively.
the d mode is extremely low, and the one of the dark
mode almost vanishes at higher frequencies. In the ex-
perimental plot, a fit of the lower frequency hybrid mode
ω− is also shown as a dashed line. The analysis of the
anticrossing curve shows a Rabi splitting of 528 MHz, cor-
rectly scaling as the square root of the number of spheres
from the single sphere value of about 180 MHz. This
mode preserves a good antenna output, and is less af-
fected by the presence of other resonances. In fact, the
closer cavity modes are the TM11z, for z = 1, 2, . . . ,
which lie at frequencies higher than ωc, making ω− well
isolated. This mode originates from the coherent cou-
pling of all the ten YIG spheres, and has an adequate
coupling to the dipole antenna used to extract the sig-
nal, and hence its signal transduction is efficient.
This system, with minor modifications for thermaliza-
tion (see Appendix C), was then operated at ultra cryo-
genic temperatures. The anticrossing pattern obtained
at 90 mK is reported in Fig. 7(b) and closely resembles
the one of Fig. 6, with the increase of the coupling gcm
as expected from the higher value of the YIG saturation
magnetization at such temperatures. The single sphere
splitting increases by about 17%75 and becomes 210 MHz.
A fit with the model based on H4 on the experimental
dispersion relation gives 2gcm = (2pi)638 MHz, to be com-
pared with the value 210
√
10 MHz = 664 MHz. Within
the experimental uncertainties, the ten YIG spheres are
coherently coupled to the cavity mode, as they effectively
react as a single oscillator. Furthermore, the HS behaves
as expected also at temperatures where quantum effects
dominate over thermal fluctuations7.
Some other traits of the HS dynamics can be seized by
looking at the dispersion relations in Fig. 6 and Fig. 7(b):
the coupling of the magnetic m-mode with the d-mode
of the cavity, and the existence of a dark mode related
to a magnetic mode n. Evidence for these facts comes
by looking at the two models described in Fig. 1(b) and
Fig. 1(d), respectively. The explanation for the dark
mode is not straightforward. In addition to the Kit-
tel mode of uniform precession, a ferromagnetic sphere
has several higher order magnetostatic modes. Following
the mode classification of Walker63, we identify the uni-
form mode m = (1, 1, 0), which is degenerate with the
(4, 3, 0) one. The latter could be the n-mode producing
the dark mode, since sphericity is not perfect in our home
made samples, and m and n could actually be slightly de-
tuned from each other63. However, we are actually not
favoring such explanations since single spheres dispersion
curves only show standard behavior. The presence of a
mode n could also be due to the use of spheres with dif-
ferent diameters, as it was discussed in Section III (see
Fig. 4). Also for this case, we believe this is not the cor-
rect explanation. In fact, by performing measurements
with two spheres we have verified that, for our set, co-
herent interaction with all the available spins is not real-
ized only when the differences in sphere diameters satisfy
γbm(φ) γm (see discussion of Fig. 1(d) and in Section
II). Since all the YIGs used for the ultra cryogenic mea-
surement have much close diameters, we believe that the
dark mode in our anticrossing curves of Fig. 6 and 7(b)
results from some residual magnon-magnon coupling. A
way to certify this could be testing the presence of the
dark mode with almost identical spheres.
As the apparatus behavior is consistently described by
the model based on H4, we can now use it to find the
maximal transduction bandwidth of the realized set-up
for an input on the magnetic mode m and readout on
the cavity mode c with matched antenna. This is the
general situation of a ferrimagnetic haloscope described
in the introduction, where a pseudo-magnetic field due
to a dark matter axion excites a magnetic resonance in
the material, producing an rf power on the coupled cav-
ity mode. By tuning the Larmor frequency ωm through
the magnetic field B0 it is possible to search for dark
matter fields oscillating at various frequencies ω−, con-
sidering a transduction efficiency given by the relative
change of magnon-to-photon conversion probability. We
can define the detection bandwidth as the range of fre-
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FIG. 7: (a) Picture (left) and scheme (right) of the HS tested
at a temperature of 90 mK and used in a FH76. See text and
Appendix C for a detailed description of the apparatus. (b)
Anticrossing curve obtained at 90 mK with the ω− frequency
evidenced with a dashed line, and (c) tuning of the hybrid
mode frequency ω− with a field variation of 3 mT.
quencies for which transduction efficiency is within 3 dB
from the maximum; we mention that the verification of
this approach validity will be presented in a forthcoming
work77. For the apparatus described by Fig. 7(b) this
bandwidth is about 400 MHz. In Fig. 7(c) a close up of
the tuning obtained with a variation of 3 mT of B0 is
shown. The possibility to achieve large and simple tun-
ability for the input frequency is a major advantage of a
ferromagnetic haloscope76, and can be used to simplify
many HS-based applications2,40.
IV. FURTHER DEVELOPMENTS AND
CONCLUSIONS
Detection sensitivity of FH is directly related to the
amount of sensitive material. To improve sensitivity,
while keeping the same central working frequency, longer
cylindrical cavities holding more spheres can be used, and
off axis loading of the spheres can be implemented. In or-
der to coherently use all the available spins, each sphere
must be strongly coupled to the cavity mode77. This
results in the production of ultra strong vacuum Rabi
splitting for the complete system, with the drawback of
possible interference with other cavity modes or between
higher order magnetic modes. To avoid such problems,
we leverage the fact that as long as the single sphere
coupling is larger than the losses the transduction ef-
ficiency is preserved. Hence, magnetic spheres can be
placed in a region of lower rf magnetic field of the cavity
mode, thereby reducing the single sphere coupling to a
few times the magnon or cavity linewidth, with the re-
sult of a smaller total splitting. Moreover, some prelim-
inary measurements that we have performed show that
magnon-magnon interaction is kept small when two or
more spheres are placed in a plane perpendicular to the
cavity axis, thus allowing a small gap separation between
the spheres in such direction. It is then possible to fore-
see a single microwave cavity with a volume of active
material one order of magnitude larger than the one em-
ployed in this article, just by filling the cavity with planes
of spheres, each plane separated by the required distance
to avoid mutual interaction. If carefully devised, these
future HSs may still be described by a few oscillators
models, preserving their optimal control, and remarkably
increasing their possible applications.
In conclusion, we outlined a model composed of an ar-
bitrary number of photon and magnon oscillators. The
analysis was limited to the experimental case of two cav-
ity modes and two magnetic modes, and the various cou-
plings among them were separately studied. Afterwards,
we make use of a flexible HS to experimentally reproduce
the theoretical results and understand the constraints to
take into account when devising a HS with a considerable
material quantity. The outcome is a recipe that we use to
build the largest optimally-controlled HS to date, which
we test at room and at millikelvin temperature. This de-
vice is used as axion-to-electromagnetic field transducer
in a FH76, paving the way to the use of these devices
to search for Dark Matter with a cosmologically relevant
sensitivity. Our results benchmark a starting point for
future large HS designs, and demonstrates that the de-
grees of freedom of such a complex system can be reduced
to an acceptable number.
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Appendix A: Langevin equations and the effective
Hamiltonian
The dynamics of the system can be described by the
quantum Langevin equations
x˙ = −i(ωx − iγx)x− i
∑
y∈Y
gxy
2
y
y˙ = −i(ωy − iγy)y − i
∑
x∈X
gxy
2
x− i
∑
y∗6=y
gyy∗
2
y∗,
(A1)
which are valid for every cavity mode x ∈ X and magnon
mode y ∈ Y , and where i is the imaginary unit and
y∗ ∈ Y . For the sake of this work it suffices considering
only the intrinsic decay rates of the cavity modes, as they
dominate over the ones introduced by external couplings
if we assume that the setup’s antennas are weakly cou-
pled. Eq.s (A1) may be recast in their matrix form as
W˙ = −iHW, (A2)
where W = {X,Y } = {x1, x2, . . . , xN , y1, y2, . . . , yM},
andH is the matrix reported in Eq. (2) and used through-
out this work, in particular to determine sx1(ω, ωm) in
Eq. (5). Here we note that it is experimentally challeng-
ing to have an antenna coupled to a single mode, mak-
ing our calculated transmission spectra an incomplete de-
scription of the apparatus. Nevertheless, as is detailed in
Section III and Fig. 2, this approximation holds thanks to
the geometric configuration of the two considered cavity
modes. We stress that one can get a more realistic de-
scription of the HS spectra by summing over the possible
transmissions due to external couplings to other modes
as
stot(ω, ωm) =
∑
x∈X
ηxsx(ω, ωm), (A3)
where ηx is a constant accounting for the coupling
strength between the antenna and the different cavity
modes. This is an effective approximation which resists
if all the external couplings are weak, and do not influence
the linewidths of the modes. An even better description
consists in the addition of a mode-dependent dissipation
in Langevin equations to account for the coupling of the
antennas, see for example Ref. [34], which naturally yields
the increase of the modes’ decay rate.
Appendix B: Spheres production
Super polished YIG spheres show the sharpest mag-
netic resonance linewidth67–69. Material purity and sur-
face roughness are the two key elements to be cured
in order to obtain the best linewidth values at all
temperatures78. Our spheres have been produced on site
to have better control of all the relevant parameters. We
buy large single crystal high purity YIG cylinders, nor-
mally a few cm length and 5 to 7 mm diameter, and
cut them into 3 mm size cubes. Each cube then follows
a grinding procedure to obtain spheres of about 2.1 mm
diameter. The grinder is based on a high frequency rotat-
ing plate with replaceable silicon carbide (SiC) sandpa-
per foils where the YIG piece get abraded while tumbling
inside a plastic holder (see the left plot in Fig. 8). Start-
ing from a P800 SiC paper, finer and finer grit size are
used in sequence up to the final P4000. The duration
of each step has been optimized after several trials. The
last step consists of four passages with P4000 virgin SiC
paper, each lasting half an hour. At the end of this pro-
cess, we get spheres with the nominal diameter within a
few percent and linewidths of about 2 MHz. A final 24
hours polishing with Alumina-based suspension on a low
frequency rotating system results in a linewidth slightly
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FIG. 8: The instrument used to produce the spheres (left).
Improvement of linewidth with subsequent steps for a batch
of six spheres (right).
above 1.3 MHz at room temperature (see the right plot
of Fig. 8).
Appendix C: Hot-bore superconducting magnet and
millikelvin temperature hybrid system
The setup used for testing the single and multiple-
spheres configurations includes a superconducting mag-
net, described in Section III, with a hot bore in which
the HS is inserted. This custom setup was built to test
several HSs per-day, which is incompatible with multiple
refrigeration cycles. The cavity is mounted on a plastic
support that aligns its axis with the one of the magnet,
and a PTFE support holds the pipe which positions the
YIG spheres on this same axis.
At milli-Kelvin temperatures, the cavity is anchored
to the mixing chamber of a dilution refrigerator with two
large copper bars. Its temperature is monitored with
a thermometer attached to the cavity body. The setup
must ensure a proper thermalization of the YIG spheres,
which for this reason are contained in a pipe filled with
gaseous helium. The preparation of the fused silica pipe
is done at room temperature as follows. A vacuum sys-
tem is designed in such a way to remove the air from the
pipe, which is then immersed in a 1 bar helium controlled
atmosphere and closed. In this way the pipe is filled with
helium, and can be sealed by using a copper plug glued
with Stycast. First the sealing is tested without the sam-
ples by measuring the frequency shift of the TM110 mode
of the cavity-pipe system with and without helium. The
frequency is measured with the helium-filled pipe, which
is then immersed in liquid nitrogen and again placed in
the cavity. Re-measuring the same frequency excludes
the presence of leaks. The plug used to close the pipe
is eventually anchored to the cavity body with a copper
rod, granting a good thermalization of the whole system.
